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Section I   
 
10 marks 
Attempt Questions 1 – 10 
Allow about 15 minutes for this section 
Use the multiple-choice answer sheet provided for Questions 1 to 10. 

 

1. What is the value of (cos
3𝜋

4
+ 𝑖 sin

3𝜋

4
) 𝑒𝑖

𝜋

3? 
 

(A)     𝑒𝑖
11𝜋

12  

                    (B)     
1

√2
𝑒
𝑖
−11𝜋

12  

        (C)      𝑒  𝑖
𝜋

4  

(D)      𝑒𝑖
−11𝜋

12  

  
 
 

2. Each pair of lines given below intersects at (
1
2
3
).  

 Which pair of lines are perpendicular? 

(A)      ℓ1:   𝑟
~

= (
1
2
3
) + 𝜆 (

−1
−2
1

)          and       ℓ2:   𝑟
~

= (
3
1
3
) + 𝜆 (

2
−1
0

) 

(B)      ℓ1:   𝑟
~

= (
2
4
6
) + 𝜆 (

1
2
3
)             and       ℓ2:   𝑟

~
= (

−2
1
0

) + 𝜆 (
3
1
3
) 

(C)      ℓ1:   𝑟
~

= (
0

−3
2

) + 𝜆 (
−1
2

−3
)       and       ℓ2:   𝑟

~
= (

−1
−2
−3

) + 𝜆 (
1
2
3
) 

(D)      ℓ1:   𝑟
~

= (
3

−2
8

) + 𝜆 (
−2
4

−5
)       and       ℓ2:   𝑟

~
= (

3
4
2
) + 𝜆 (

3
1
1
) 
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3. Consider this statement. 
 
  “If I don’t make my bed then my mum will take my iPhone away from me.” 
  
 Which of the following is the converse of the contrapositive of the above statement?  
  

(A)      “If I don’t make my bed then my mum will not take my iPhone away from me.” 
 
(B)      “If my mum takes my iPhone away from me then I won’t make my bed”  
 
(C)      “If I do make my bed then my mum will not take my iPhone away from me.” 
 
(D)      “If I do make my bed then my mum will take my iPhone away from me.” 

 

4.  Vectors 𝒖 and 𝒗 have components (
0.6
0
𝑡

) and (
3
0

−5
) respectively. 

 The following two statements are made about 𝒖 and 𝒗: 
 

(1)   when 𝑡 = −1, 𝒖 and 𝒗 are parallel. 
 

(2)   when 𝑡 = −0.8, 𝒖 is a unit vector. 
 
Which of the following is true? 
 
 (A) Neither statement is correct. 

 
 (B) Only statement (1) is correct. 
 
 (C) Only statement (2) is correct. 
 
 (D) Both statements are correct. 

 

 

5. Which expression is equal to ∫
1

√ −16𝑥 − 4𝑥2
 𝑑𝑥?     

   

 (A)    
1

2
 sin−1 ( 

𝑥 + 2

4
) + 𝑐  

 

(B)    
1

4
 sin−1 ( 

𝑥 − 2

2
) + 𝑐  

(C)    
1

4
 sin−1 ( 

𝑥 + 2

2
) + 𝑐  

(D)    
1

2
 sin−1 ( 

𝑥 + 2

2
) + 𝑐  
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6. Evaluate (1 + 𝑖)40 + (1 − 𝑖)40. 

 

 (A)    221 

(B)    220 

(C)    219 

(D)    218 

 
 
7.  Using a suitable trigonometric substitution,           can be expressed in which 

 of the following ways? 

 

  (A)     

 

 

 

  (B)     

 

 

 

  (C)     
 

 

 

  (D)     

 

 

8. Which of the following statements is correct? 

 

(A)      ∀𝑎, 𝑏 ∈ ℝ              sin 𝑎 < sin 𝑏 ⇒ 𝑎 < 𝑏 

(B)     ∀𝑎, 𝑏 ∈ [−
𝜋

2
,
𝜋

2
]     sin 𝑎 < sin 𝑏 ⇒ 𝑎 < 𝑏 

(C)     ∀𝑎, 𝑏 ∈ ℝ                cos 𝑎 < cos 𝑏 ⇒ 𝑎 < 𝑏 

(D)     ∀𝑎, 𝑏 ∈ [0, 𝜋]         cos 𝑎 < cos 𝑏 ⇒ 𝑎 < 𝑏 

 

 
 
 
 
 
 

∫ 𝑢3𝑑𝑢

√3

0

 

∫
1

𝑢3
𝑑𝑢

𝜋
3

0

 

∫ 𝑢−3𝑑𝑢

1

√3

0

 

∫
1

𝑢3
𝑑𝑢

√3

0

 

∫cot3𝑥sec2𝑥 𝑑𝑥

𝜋
3

0
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9. The diagram shows the solution of an equation, where 𝐶 is the centre of the circle. 
 
 
 
 
 
  
 
 
 
 

Which of these could be the equation?  
     

(A) Arg (𝑧 − 𝛼) − Arg (𝑧 − 𝛽) = 0  

(B)      Arg (𝑧 − 𝛼) − Arg (𝑧 − 𝛽) =
𝜋

2
 

(C)      Arg (𝑧 − 𝛼) − Arg (𝑧 − 𝛽) =  
𝜋

4
   

(D)      Arg (𝑧 − 𝛽) − Arg (𝑧 − 𝛼 ) =
𝜋

4
 

 

10. Which diagram best shows the curve described by the position vector 
     

   𝑟
~
(𝑡) = sin(𝑡) 𝑖

~
− cos(𝑡) 𝑗

~
 for 

𝜋

4
≤ 𝑡 ≤

5𝜋

4
 ? 

  

 (A)     (B)        

 

 

 

 

 

 (C)      (D)        

  

 

 

 

   
 
   
  END OF SECTION I 

𝑦 

0 
𝑥 

𝛼 

𝛽 

𝐶 
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Section II   
90 marks 
Attempt Questions 11 – 16 
Allow about 2 hours and 45 minutes for this section 
 
In Questions 11-16, your responses should include relevant mathematical reasoning and/or 
calculations 

 
Question 11 (15 marks) Use a SEPARATE writing booklet. Marks 
 
(a) Consider the complex numbers 𝑧1 = 5 + 𝑖 and  𝑧2 = −2 + 𝑖.                                                                                              
 

 Find the value of  
𝑧1̅̅ ̅

𝑧1 +  𝑧2
 , giving your answer in the form 𝑎 + 𝑖𝑏.        2 

 
 

(b) For the complex number 𝑧 = 3𝑒𝑖
𝜋

6  , write 𝑧 ̅4 in the form 𝑎 + 𝑖𝑏.     2 
 
 
 
 
 
(c) Find the exact value of            3 
 
 
 
 
(d) (i) Find the two square roots of 2𝑖, giving your answers in the form 𝑥 + 𝑖𝑦,    2 

  where 𝑥 and 𝑦 are real numbers. 

 

 (ii) Hence, solve 2𝑧2 + 2√2𝑧 + 1 − 𝑖 = 0. Give your answers in the form 𝑥 + 𝑖𝑦.        2  

  

 

 

(e)  Consider the two vectors 𝑢
~

= 2 𝑖
~
+ (3 −  )𝑘

~
  and  𝑣

~
= 2𝑖

~
−  2𝑗

~
+ 𝑘

~
 , 

where   is a scalar.                 

 

 (i)  Find 𝑝
~

, the vector projection of 𝑢
~

 onto 𝑣
~

 .                                                                      2 

 

          (ii)  Given that 3 |𝑢
~
| = √17 |𝑝

~
|, find the value of  .                                                         2 

 

∫
 3𝑥

√𝑥2 + 2

√3

√2

𝑑𝑥. 



St George Girls High School 
Year 12 – Mathematics Extension 2 – 2023 Trial HSC Examination    Page 8 
 

 

Question 12 (16 marks) Use a SEPARATE writing booklet.             Marks 

(a) Use mathematical induction to prove that for all positive odd integers 𝑛,   3 
 𝑛(𝑛2 + 1) is even. 
 
 
 
 
(b) The polynomial 𝑔(𝑧) = 𝑧4 + 2𝑧3 + 6𝑧2 + 8𝑧 + 8 has roots 𝑎 + 𝑏𝑖 and 2𝑐𝑖, 
            where 𝑎, 𝑏 and  𝑐 are all real. 
 
 (i)   Find all the roots of 𝑔(𝑧).                   3 

 

 (ii)  Write 𝑔(𝑧) as a product of two real quadratic factors.     2 
 
 
 
 
 
(c) (i) Find the values of 𝑎, 𝑏, and 𝑐 such that:        3 
 

    
2𝑥

(𝑥−4)(𝑥+2)2
= 

𝑎

𝑥−4
+ 

𝑏

𝑥+2
+

𝑐

(𝑥+2)2
 . 

 

 

 (ii) Hence find ∫
𝑥

(𝑥−4)(𝑥+2)2
 𝑑𝑥.             2 

 
 
 
 
(d) Shade the region on the Argand diagram where the inequalities          3                                               
 |𝑧 − 2 − 2𝑖| ≤ 2  𝑎nd  |Im(𝑧 − 2𝑖)| ≥ 1 hold simultaneously. 
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Question 13 (15 marks) Use a SEPARATE writing booklet.                 Marks 
 
  
(a) (i) Find all solutions to the equation 𝑧5 = −1.       3 

  Give your answers in modulus-argument form. 
 

 (ii) Hence prove that cos
𝜋

5
+ cos

3𝜋

5
=

1

2
 .       2 

 
 
(b)    Use integration by parts to find             .           3 

 
 
 
 
(c) Prove by contradiction that if  𝑝 is an integer, then 𝑝2 + 6  is not divisible by 4.             3  

    

 

 

 

(d) The line 𝑙 has equation 𝑣
~

= (
0
3
−5

) + 𝜇 (
−1
𝑏
2

), where 𝜇 is a parameter and   

  𝑏 is a constant.    
  
 The points P and Q have coordinates (−1, 2, 3) and (−2, 4, 2) respectively.  
  
 (i)   Find a vector equation of the line PQ.       1 
  [Leave your answer in the form  𝑟

~
= 𝑎 +  𝜆𝑏] 

 
 
 (ii) Find the value of 𝑏 for which the acute angle between line 𝑙 and    3 

  the line PQ is cos−1 1

6
. 

 
 
  
 

 

 

 

 

 

∫𝑥𝑒−2𝑥  𝑑𝑥 
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Question 14 (15 marks) Use a SEPARATE writing booklet.   Marks  

(a) Calculate the modulus and argument of the sum of the roots of the equation   3 
 (4 + 3𝑖)𝑧2 − (3 − 𝑖)𝑧 − (4 + 2𝑖) = 0 in exact form.     
 

        
 
 

(b) (i) If 𝑡 = tan
𝜃

2
 ,  show that 

𝑑𝜃

𝑑𝑡
=

2

1+𝑡2 .        2 

 
 
 
             (ii) Hence evaluate         .        3 
  
  Leave your answer correct to 3 significant figures. 
 
  
 
 
(c) Consider the line 𝑳 with position vector             

 

     𝑟 =  (
 3

− 2
1

 ) + 𝜆 (
1

−1
−1

  ).       

 

The sphere with equation ( 𝑥 − 3 )2 + ( 𝑦 + 2)2 + ( 𝑧 − 4 )2 = 18  

intersects the line 𝑳 at the points A and B.       

  

 Find the equation of the sphere with diameter AB.                               4 

 
 
 
 
 
(d) Use mathematical induction to prove that  𝑛! ≥ 2𝑛−1, 𝑛 ∈ ℤ+.                3 
 

 

 

                                

 

 

 

 

 

 

 

 

 

 

∫
3

8 cos 𝜃 + 10

𝜋
2

0

𝑑𝜃 
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Question 15 (15 marks) Use a SEPARATE writing booklet.   Marks 

(a) Prove by induction that  𝑇𝑛 = 3(2𝑛) + 1  for  𝑛 ≥ 1,  given      3 
 𝑇1 = 7 and 𝑇𝑛 = 2𝑇𝑛−1 − 1  for  𝑛 ≥ 2.      

    
 
 
 
(b)  The vertices A, B and C of triangle ABC are represented in the Argand                 3 
 diagram by the complex numbers 𝑎, 𝑏 and 𝑐 respectively. 

 AC = √2 AB and ∠CAB = 
𝜋

4
. 

 
 
 
 
 
 
 
 
 
 
 
  
             By using vectors, or otherwise, show that 𝑐 = 𝑏 ( 1 − 𝑖 ) + 𝑎 𝑖.   
 
 
 
 
 
(c) Using the substitution 𝑥 = 2 + 2 cos2 𝜃, calculate the value of    4 

 

  
 

. 
 
 
 
(d) (i) Let  𝐼𝑛 =         for 𝑛 = 0, 1, 2, 3, …  

 

  Show that  𝐼𝑛 = (
𝜋

2
)
𝑛

− 𝑛(𝑛 − 1)𝐼𝑛−2  for every integer 𝑛 ≥ 2.   3 

 

 (ii) Hence, show that 𝐼4 = (
𝜋

2
)
4

− 12 (
𝜋

2
)
2

+ 24.      2 

 
 
   

B 

A 
𝜋

4
 

0 
𝑥 

y 

C 

∫ 𝑥𝑛 cos 𝑥 𝑑𝑥

𝜋
2

0

 

∫ √
𝑥 − 2

4 − 𝑥
𝑑𝑥

3

2
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Question 16 (14 marks) Use a SEPARATE writing booklet. Marks 

(a) (i) Prove that     .        2 
       

 (ii) By choosing a suitable trigonometric substitution, determine the value of  3 

  
 . 
 
 
(b)  The diagram shows a triangular pyramid with vertices 𝑂(0, 0, 0),  𝑃(8, 6 , 0),  
  𝑄(6, 8, 0)  and 𝑅(𝑥, 𝑦, 𝑧), where 𝑥, 𝑦 and 𝑧 are positive real numbers. 
 
    

  

 

 

 

 

             

 

             

            Given that ∠ 𝑅𝑃𝑂 = ∠ 𝑅𝑄𝑂 =  
𝜋

3
 ,  | 𝑃𝑅⃗⃗⃗⃗  ⃗ | = | 𝑄𝑅⃗⃗ ⃗⃗  ⃗ | = 10 units, find the                                 4                      

            coordinates of 𝑅.               
 
 

(c) (i)  Using the inequality 
𝑥+𝑦

2
  ≥ √𝑥𝑦, show that       3 

 

     (√𝑎 + √𝑏 + √𝑐)
2
≥ 3(√𝑎𝑏 + √𝑎𝑐 + √𝑏𝑐 ),  

 
  where 𝑎, 𝑏 and 𝑐 are positive numbers.                                         
  
 (ii)   Hence, or otherwise, show that                                   2 
 

         (𝑚3𝑝3 + 𝑚3𝑟3 + 𝑝3𝑟3 )2 ≥  𝑚3𝑝3𝑟3 ( 𝑚3  +  𝑟3 +  𝑝3). 

 
 
 

END OF EXAMINATION 
 
 

𝑃(8, 6, 0) 

𝑄(6, 8, 0) 
 

𝑅(𝑥, 𝑦, 𝑧 ) 

𝑥 

𝑦 

𝑧 
 

𝑂 

 
𝜋

3
 

 
𝜋

3
 10 

 

 10 
 

∫
𝑑𝑥

𝑥 + √1 − 𝑥2

1

0

 

∫ 𝑓(𝑥)𝑑𝑥
𝑎

0

= ∫ 𝑓(𝑎 − 𝑥)𝑑𝑥
𝑎

0
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